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In this paper it is shown that any finite Moufang loop M of odd prime exponent 
p gives rise to a linear space Z(M) with a large number of affine desarguesian 
planes, and a theorem on the structure of C(M) is proved. 
1. INTR~DUC~ON 
Let M be a finite Moufang loop’ of odd prime exponent p. For every 
r E M, we define R = R(r) as the involutorial permutation [u, U] + [Y-‘u. YU] 
of MXM= {[U,V]( u, ZI E M}. We shall denote by F the set of all such 
involutions R and by (F), as usual, the group of permutations on M x A4 
generated by F. Moreover, given a subset (R,, R2,..., R,} of F, we shall 
denote by (R,,RZ,..., R,) the subgroup of (F) generated by {R,, R, ,..., R,). 
Our Lemmas 1 and 2 and Proposition 3 show that (F) has the properties: 
(*) The set F is invariant under any inner automorphism of (F). 
(**) If R, and R, (R, #R,) belong to F, then (R,,RZ) is dihedral 
of order 2p and all the p elements of order 2 contained in (R, , R,) belong to 
F. 
(* * *) M satisfies the identity xy - ‘xy = y - ‘xyx if and only if for any 
three distinct Rl,R,,R3 E F such that R,&(R,,R,), (R,,R,,R3) has 
exactly p* elements of order 2 and these elements are contained in F. 
We note that the identity xy-‘xy = y- ‘xyx holds in every Moufang loop 
of exponent 3. In fact, in this case x and y generate a subgroup of exponent 3 
in which the considered identity is well known. 
’ For basic information on Moufang loops the reader is referred to n. 2 of this paper. Here 
we recall that any two elements x,Jl of M generate a subgroup. since it allows us to write 
words in which only x and y occur without any parentheses. 
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Property (**) allows one to construct a linear space Z(M) as follows: 
points are the involutions of F, lines are those subgroups of (F) which can 
be generated by two distinct involutions of F, and incidence is set theoretic 
inclusion. We shall now list some elementary properties of Z(M) which are 
immediate consequences of (*) and (* *). 
(a) Every line has exactly p points. 
(/I) Every point is the center of a “reflection”’ in the sense that, given 
any involution R E F, the map acting on F as conjugation by R gives rise to 
a reflection R * of center R. 
(y) R * leaves invariant all the linear manifolds which contain R. 
Given any linear manifold ,u, each of the points of ,u is the center of a 
rejlection which leaves p invariant; in particular, the planes which are affine 
planes must be desarguesian. 
(6) The linear mantfold generated by the points RI, R, ,..., R, of Z(M) 
contains the point R if and only if (R,, Rz,..., Rk) contains the involution 
R E F; in particular, the plane of Z(M) generated by the points R , , R 2, R 3 is 
an aflne plane if and only tf (R,, R,, R,) has exactly p2 involutions of F. 
By combining these facts with (***), we obtain the following theorem on 
the structure of Z(M): 
THEOREM. M satisfies the identity xy-‘xy = y-‘xyx tf and only tf any 
three noncollinear points of .X(M) generate a plane isomorphic to AG(2,p). 
Linear spaces Z in which any three noncollinear points generate an affine 
plane have been investigated in [3, 7, 8, 10, 121. By a fundamental result of 
Buekenhout [3], if every line of Z contains at least four points, then C is an 
afftne space. The corresponding result is false if every line contains exactly 
three points (i.e., Z is a Steiner triple system), as the examples of Hall [S] 
and Sorensen [ 121 show. We shall refer to such Steiner triple systems as 
Hall-Steiner triple systems. 
From the treatment here, it follows that for p > 3, a necessary and 
sufficient condition for Z(M) to be an afline space is that M satisfies the 
identity xy-‘xy = y-‘xyx. 
On the other hand, given a Moufang loop M of exponent 3, we shall prove 
(cf. Proposition 4) that C(M) is an affine space if and only if M satisfies the 
identity x( yzy)x = y(xzx) y. Proposition 5 shows that this identity holds in 
A4 if and only if the conditions (A), (B), (C) (given in the same 
Proposition 5) are all satisfied in M. Using these results and our Theorem, 
we obtain that if M is of exponent 3 and does not satisfy each of the 
* An automorphism of order two of a linear space is called a reflection with center P if it 
fixes the point P and leaves invariant all the lines through P. 
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conditions (A), (B), (C) of Proposition 5, then C(M) is a Hall-Steiner triple 
system. It is interesting to note that, for a finite 3-group M of classe 3, the 
Hall-Steiner triple system constructed is the same as that discussed in Hall 
[8] for the case (M( =81, and in Sorensen (121 for (MI 381. It can be 
shown, however, that the basic idea underlying the construction technique 
which is presented in this paper differs from that of Hall and Sorensen. 
General construction techniques for designs, in which group theoretical 
methods play a role, are presented in [4,2.4]. 
Finally, we point out that the involutions R are interesting also from 
another point of view. In virtue of (*) and (**) (see also Lemma 3) the 
subgroup of (F) generated by any normal complex of involutions R is a 
Fisher-Glauberman group. According to Manin [ 11, Chap. 11, a finite group 
G is called here a Fisher-Glauberman group if there exists a pair (p, T) 
consisting of an odd prime p and a system of generators T of G satisfying 
the conditions: 
(FGl) For any t E T, t2 = 1. 
(FG2) For any two distinct elements t, , t, E T,, t, t, t, E T and t, t, has 
order p. 
The structure of such groups has been studied in [5] and [6]. The 
following assertions, (FG3) and (FG4), are proved in (6, Corr. 31. The 
assertions (FG5) and (FG6) are a useful supplement to (FG3) and (FG4). 
(FG3) The commutator subgroup G’ of G has order a power of p. 
(FG4) /G : G’/ = 2. 
(FG5) The set T constitutes the unique class of conjugate elements of 
order two of G. 
(FG6) G’ is generated by products of pairs of elements of G. 
2. SOME PROPERTIES OF PARTICULAR MOUFANG LOOPS 
A loop is called Moufang if it satisfies one of the following equivalent 
identities 
(XYW) = (X(YZ))XY (1) 
((XY>Z>Y = X(Y(ZY))? (2) 
X(Y(XZ)> = (X(YX))Z* (3) 
Every Moufang loop is diassociative in the sense that any two elements of 
the loop generate a subgroup. 
The associator of any three elements x, y and z of a Moufang loop is the 
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unique element (x, y, z) such that (xy)z = (x(yz))(x,y, z). The nucleus of a 
Moufang loop K is the subloop N(K) = {a E K 1 Vx, y E K, (a, x, y) = 
(x, a, y) = (x, y, a) = 1). The center of K is the subloop Z(K) = {a E N(K) 1 
Vx E K, ax = xa}. The commutator of any two elements x, y of a Moufang 
loop is C(x, y) = xyx-‘y-l. By a result of Bruck [ 1, Lemma 5. l] every 
Moufang loop satisfies all or none of the identities: 
xy-‘xy =y-‘xyx, (4) 
(xyx)’ = x*y*x*, (5) 
C(C(x, Y>, Y> = 1. (6) 
General results on Moufang loops have been obtained by Bruck [I, Chap- 
ter VII, 21. Here we prove two propositions which are needed in the proofs of 
Propositions 3 and 4, respectively. 
PROPOSITION 1. If xy - ‘xy = y - ‘xyx holds identically for a Moufung 




Z(X(YMZW)))) =Y(x(z(Y-‘(z(x(Yw)))))), (8) 
for every x, y, z, w of K. 
Proof: We consider the structure (K, +) given by a + b = a(xb), where x 
is a fixed element of K and a, b range over K. (K, +) is a loop isotopic to K, 
hence by [ 1, III.21 (K, +) is also a Moufang loop. It is easy to see that 
(K, +) has x-’ as zero and for every y of K 
-yzx-*y-Ix-‘, (9) 
where the inverse of y in (K, +) is denoted by -y. Moreover, in virtue of (3) 
and by the definition of (K, +), we have a(xbx)u = a + b + a, for every a, b 
of K. This gives 
tYtxzx>Y)x(Yfxzx)Y)=Y+z+Y+Y+z+Y, (10) 
(YxY)(xzxzx>(YxY) =y +y + z + z + y +y, (11) 
z(xyx)z=z+y+z, (12) 
Y(x(zy-'z)x)y=Y + (zy-'z) +y. (13) 
By Bruck [2, p, 721, the class of all Moufang loops satisfying the identity 







for every y, z of K. 
In virtue of (9) and by the definition of (K, +), z -y f z = zy- ‘z, thus 
using (15) we get 
z+y+z=y+(zy-‘z)t.Y. (16) 
Now by (lo), (11) and (14) 
tYtxzx)Y>xtYtxzx)Y) = tYvwxzx>tY~Y). (17) 
By (12), (13) and (16) we have also 
z(xyx) z = y(x(zy - ‘2)x) y. (18) 
Finally, by (I), (2) and (17) 
Ytx(z(x(Y(~(Y(x(z(x(Yw)))))))))) 
= Yt~xzx)tYtxtY(~tzt~tYw)))))))) 
= (Y(XZX) Y>(X(Y(X(Z(X(YW)))))) 
= Mxzx) Y>M Y(kZX)( YW>>>) 
= (v(~~~>Y)tx(tYtxzx)Yjw)) = ttYt~~x>Y>x)(Yt~z~~Y~~ 
= ((YW) Y) X(Y(XZX) Y)) w  = t(YxYwx4(YxY~)w 
= tYxY)(t~zxz~>(L!JxY) WI) = tYxuj(x((z~z)(~((Y~Y) w)))) 
= (YxY)tx(z(xtz(x(Y(xtYw)))))))) 
= tY(~(Y(x(z(~(z(x(Y(~(Yw)~)~~))))))~ 
and by (l), (2) and (18) 
Z(4YWW))j) = Z((XYX>(ZW)) = WYX) z) w  = (YWY -‘zP> Y) w  
=~t(xw%m~jj =Y~x~(zY-‘z)(x(Y~)))) 
=Y(44Y -‘WtYw))))))- 
PROPOSITION 2. lf z(yxy)z = y(zxz) y holds identically for a Moufang 
loop K then 
4Ycw4YW)))))) = 4YtztwY(~~)jj)j~ 
for every x, y, z, t of K. 
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Proof. In any Moufang loop 
ztYtxt@tYtz~>>)))> = z(Ytw>tYtz~)))) 
= 4(Yw)Ym)) = (z(Y(xtx>Y)z)w. 
and 
x(Y(4(4Y(x~)))))) = x(Y(w)tY(zw)))) 
= X((YW) Y>(XW)> = (X(YW> Y>X> w- 
By hypothesis, 
which proves our Proposition 2. 
3. A SET OF INVOLUTORIAL PERMUTATIONS 
ACTINGONMXM={[U,U]IU,UEM),WITHA 
MOUFANG LOOP MOF ODD-PRIME EXPONENT p 
Using the same notation as in Section 1, we obtain results on the structure 
of groups generated by a set of involutions R. 
LEMMA 1. If R , and R, belong to F, then RI R z R , belongs to F. 
Proof: By definition, 
WV,: [u, 4 -+ k-;‘(rk;‘~)h (rk;‘h u>))l. 
By (I), (r;‘(r,(r;‘u))) = (r;‘r2r;‘)u and (r,(r;‘(r,u))) = (rlr;‘r,)u. Since 
M is diassociative, we have (r,r;lr,)-’ = r;‘r2r11. Thus, putting r3 = 
r;‘r2 r;‘, we have R,R2R, =R,. 
LEMMA 2. If R, and R, belong to F and R, $; R, then: 
(a) R, R, is an element of order p contained in (F), 
(b) (R , , R, > is dihedral of order 2p, 
(c) R, and R, are conjugate in (R,, R2), 
(d) all the p elements of order 2 of (R 1, RZ) belong to F. 
Proof: Let R,: [u, v] -+ [r; ‘u, r,tl] and R,: [u, u] + [r;‘u, rzu] with 
rl, r2 E M, r, # rz. Let e be the identity element of M. Then 
(R,RJ: Fe, el + [(r;‘r,Y, (rZr;lY], n = 1, 2,..., 
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which shows that [e, e] is fixed by (RIR2)” if and only if (~;‘r,)~ = e = 
(T~Y;‘)~. By hypothesis, M is of exponent p, Thus we have that (r;lr,)p = 
e = (r2r;1)p, but (r;‘r,)” # e when IZ < p. Therefore, [e, ej is fixed by 
(R,R,)” with 1 < n <p, if and only if n =p. 
On the other hand, Lemma 1 yields that for every II = 1, 2,..., there exists 
an involution R of F such that (R i RJ = R i R. It is easy to see that if R 1 R 
lixes at least one element of A4 X M then R, R is the identity permutation of 
MXM. 
From these facts we obtain (a). Property (b) is a consequence of (a). In 
view of (b), the set of elements of order two of R,, R, is of the form 
(R,R,)-mR,(W,Y, m = 1, 2 ,..., p. 
From this and Lemma 1, we have (c) and (d). 
LEMMA 3. Let R,, R, ,..., R, E F. Let T be the set of all involutions of F 
contained in (R,, R, ,..., Rk). Then (R,, R, ,..., Rk) is a Fisher-Glauberman 
group with respect to the pair (p, T). 
Proof. T consists of elements of order two. Condition (FG2) follows 
from Lemma 1 and (a) of Lemma 2. 
PROPOSITION 3. The following conditions are equivalent: 
(I) M satisfies the identity xy-‘xy = y-‘xyx. 
(II) For any three involutions R,,R,,R, of F R,R,R,R,R,R,E Z, 
where Z denotes the center of (R, , R,, R,). 
(III) For any three distinct involutions R,, R,, R, of F such that R, @ 
(&,R,), (R,,R,,R3) h as exactly p2 elements of order 2 and these elements 
are contained in F. 
Proof: (I) + (II). 
By definition 
and (19) 
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Using (7) of Proposition 1, it is easily seen that then 
RRRRRRRRRR,R,=RRRRRRRRRRR 3 2 1 2 3 2 3 2 I 3 2 3 2 I 2 I 2 3 2 3’ 
This means that 
R,R2R3R,R2R, commutes with R,. (20) 
Furthermore, by definition 
R,R,R,R,R,: [u, VI-) [r;‘(r,(r;‘(r,(r;‘v>>)), 
W,‘(~,W~I u)>>)L 
R,R,R,R,R,W3: 1% VI--) [r;1(T2(T;‘(T3(T;1(T2(T;‘v)))))), 
r3(r;‘(r,(r;‘(r,(r;‘(r3u))))))l. 
Using (8) of Proposition 1, it is easily seen that then R,R,R,R,R, = 
R3R2R,R3R,R2R3. This means that 
R,R2R3R,R2R3=R3R,R2R3R,R2. (21) 
If we replace R 1, R,, R, by R,, R,, R, respectively and apply (21) we have 
also 
R,R2R3R,R2R3=R2R3R,R2R3R,. (22) 
From (20) and (21) we have 
R,R,R,R,R,R, commutes with R,. (23) 
If we replace R,, R,, R, by R,, R,, R, respectively and apply (23) we have 
also that 
R,R,R,R,R,R, commutes with R,. (24) 
From (20) and (22) it follows that 
R2R3R,R2R,R, commutes with R,. (25) 
If we replace R, , R,, R, by R,, R,, R, respectively and apply (25) we have 
also that 
R,R,R,R,R,R, commutes with R,. (26) 
Finally, from (20), (24) and (26) we have that (II) holds. 
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(II) + (III). Given any three distinct involutions R,, R,, R, E F, let us 
consider the group (R,R,,R,R,) generated by R,R3 and R,R,. Since 
R,R, E (R,R3+, R,R,), we have that (R,R,,R,R,) is a normal subgroup of 
(R,, R,, R3). Moreover, R,, R,R,, R,R, form a system of generators of 
(R,,&,R,). Thus (R,,R,,R,) =R,(R,R3r R,R,). Therefore, 
I@,,&,R,) : WLR,RJl< 2. 
Let T be the set of all involutions of F contained in (R 1, R,, R,). By 
Lemma 3, (R,, R,, R3) is a Fisher-Glauberman group with respect to the 
pair (p, T). From (FG4) and (FG6) we have I(R,,R2, R,) : 
(R, R,, R,R,)I > 2. Thus 
I(R,,R,,Rj): (R,R,,R,R,)I = 2. (27) 
Moreover, from (FG3) and (FG4) we obtain 
I(R,,R,,R,)I = 2~~. (28) 
NOW we show that the center Z of (R,, R,, R3) is a proper subgroup of 
(R, R,, R,R,). By (a) of Lemma 2, there exist no commuting involutions in 
T. Hence Z does not contain any involution of F. From this and (FG5), it 
follows that Z does not contain any element of order 2. By (28) this implies 
that Z is a p-group. In view of (27) and (28), (R i R,, R,R,) is the unique p- 
Sylow subgroup of (R,, R,, R3). Therefore, Z is contained in (R, R,, R,R,). 
As R,(R,R3)# (RIR3) R,, Z # (R,R,, R,R,). Thus Z is a proper subgroup 
of (R,R,, &I?,). 
Next we prove 
I(R,,Rz,RJ = ~P’IZI, i = 1 or 2. (29) 
The factor group (R,R3,R,R,)/Z can be generated by R,R3Z and R,R,Z. 
By (a) of Lemma2, we have (R,R3Z)p= Z= (R,R,Zy. As 
R,R3R,R,(R1R3)-‘(R,R,)-’ = R,R3R,R,R,R,, from (II) we have also 
that R,R,Z commutes with R,R,Z. Since p is a prime and Z # 
(R,R,,R,R,), it follows that (R,R,,R,R,)/Z is an elementary abelian 
group of order p or p’. Hence, by (27), we obtain (29). 
A further consequence of the fact that (R,, R,, R3) is a Fisher- 
Glauberman group with respect to the pair (p, T) is the 
ITI IC(R,)l=l(R,,R,,R,)l, (30) 
where C(R,) denotes the centralizer of R, in (R,, R,, R3). 
In fact, from (FG5) we have that T is a full class of conjugate elements. 
Since R, E T, we can apply [9,1.2.18]. 
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It is clear that R, E C(R,) and Z is a subgroup of C(RR,). By (28) we have 
IC(R,)I = 2~“. As Z is a p-group, it follows that 
2 lZlpm = lC(R,)l. (31) 
By (29) and (30) we have from (31) 
ITJ=p or p*. (32) 
According to (b) of Lemma 2, (R2, R,) contains p involutions of F. 
Therefore, the hypothesis R, 6Z (R, , R3) implies that 1 T 1 > p. Thus from (32) 
we have 
This proves that (II) -+ (III). 
(III) + (I). 
ITI =p2. (33) 
In virtue of (6) of Section 1, we have actually that each plane of C(M) is 
an affine desarguesian plane of order p. 
Given any three distinct involutions R,, R,, R, E F such that R, G 
(R2, R3), let us consider the afIine desarguesian plane generated by the 
points R,, R,, R,. As the product of any three reflections of such plane has 
order 2, we have that (R,*RTR,*)2 fixes every point of the plane; i.e., 
R,R2R,R3R,R,RR,R,R,R,R2Rj=R when R E (R,, R,, R3). (34) 
Putting R = R, in (34) we infer that 
R,R2R3R,R2R3 commutes with R,. (35) 
We remark that (35) remains valid for R 1 E (R, , R3). In fact, R 1 E (R z, R J) 
implies that (R, , R,, R3) is a dihedral group of order 2p, by (b) of Lemma 3. 
Therefore, R,R2R,R,R,R, is the identity element, when R, E (R2, R3). 
Statement (35) means that R3R2R,R,R,R2R,R,R,R,R,= 
R,R,R,R,R,R,R,R,R,R,R,. By (19) this implies 
Denoting by e the identity element of M and putting in (36) r, =y, r2 = e, 
r, = x, u = e, from (36) we obtain (5). As (5) implies (4) our proof is com- 
pleted. 
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4. A CLASS OF STEINER TRIPLE SYSTEM 
IN WHICH ANY THREE NONCOLLINEAR POINTS 
GENERATE AN AFFINE PLANE OF ORDER 3 
Assuming p = 3, we establish two properties of C(M). 
PROPOSITION 4. Let M be a finite Moufang loop of exponent 3. Then the 
following condition is necessary and sufJicient in order that Z(M) be an 
afine space :
X(YZY) x = Y(XZX> Y* (37) 
ProoJ Since M satisfies the identity xy-‘xy = y-‘xyx, we can apply our 
Theorem: Any three noncollinear points of Z(M) generate actually an affine 
plane (of order 3). 
Using the axiom system Al-Al0 presentated by Hall in [ 51, it is easy to 
verify that a linear space C, in which any three noncollinear points generate 
an afftne plane, is an afline space if and only if parallelism, defined by 
calling the lines 1, and I, parallel when they are contained in an affine plane 
of 2 and when either 1, = I, or 1, n I, = 0, is a transitive relationship. Thus, 
in attemping to complete Z(M) to an affine space, there exists a unique way 
of defining parallelism ]] in Z(M). 
We shall write 1, 11 I, if and only if the lines I, and I, are contained in an 
aflne plane of Z(M) and if either 1, = I, or 1, n I, = 0. 
To prove Proposition 4, it remains to prove that (37) is a necessary and 
sufficient condition for parallelism I] of Z(M) be a transitive relationship. 
By using (y) of Section 1, it is easy to see that 1, ]] I, if and only if there 
exists a reflection R* such that R "(I,) = I,. Therefore, parallelism ]/ of Z(M) 
is a transitive relationship if and only if, given an arbitrary line 1 of Z(M), 
R :R,*O) II ‘1 (38) 
for any two reflections R T, R f . 
Now we shall show that (38) is equivalent to 
R,R,R,R,R,R,R,=R,R2R,R,R,R,R,, (39) 
for any four involutions R,, R,, R,, R, of F. To prove this, we need some 
preparation. 
Let us consider any four involutions R,, R,, R,, R, of F. 
If the points R,, R,, R,, R, of Z(M) are collinear then (39) holds. In fact, 
in this case there exists a dihedral group of order 6 which contains 
R,,R2,R,,R,. It follows that R,R,R,=R,R,R,, which implies (39). 
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If the points R,, R,, R,, R, of C(M) generate an affine plane (or order 3) 
then (39) holds. In fact, in this case we have that RFRTR,*(R,) = 
RfRFRT(R,), which yields (39). 
Assume that there does not exist an a.fIine plane (of order 3) of Z(M) 
which contains the points R,, R,, R,, R,. Then these points are distinct. Put 
Rj=R2R,R,R,Rz and R;=R2R,R,R,R,. By Lemmal, we have that 
R;EFandR;EF.Asp=3,wehavealsoR;=R,andR;=R,. 
We shall prove that the lines (R,, Ri) and (R4, R;) are disjoint. Assume 
by way of contradiction that these lines have a point R in common. As 
(R3, RS) belongs to the affine plane containing R,, R,, R, which does not 
contain R, and R;, we have that R, @ (R3, R;) and Ri rf (R3, Ri). Likewise 
we obtain that R, 6C (R4, R;) and R; 6? (R4, R;). As there exist exactly three 
points on each line of Z(M), it follows that R is the third point of the line 
(R,,Rj). Hence R =R,RiR,. As R’=R,R,R,R,R,, we have that R = 
R3R,R,R3R,R,R3. On the other hand, replacing R,, R, by R,, R, in (21), 
we obtain also R,R,R3R,R,=R3R,R,R,R,R,R,. From these facts, we 
have that R = R,R,R,R,R,. Likewise we obtain R =R,R,R,R,R,. It 
follows that R, = R,. This contradiction proves our assertion. 
We are now able to prove that (38) implies (39). 
Let us consider any four involutions R , , R, , R 3, R, E F. We may assume 
that these involutions are pairwise distinct. By definition, RfRT maps the 
line (R,, R4) into the line R;, R; where R; =R,R,R,R,R, and R; = 
W,RJ,R,- (38) means that these lines are parallel. In particular, there 
exists an affine plane n (of order 3) of Z(M) which contains the points 
R,, Ri, R,, R;. We may assume that the points R,, R,, R,,R, does not 
belong to the same afline plane of C(M). Then the lines (R,, R;) and 
(R4, R;) are disjoint. As n is of order 3, it follows that the lines (R3, R;) 
and (R4, R;) have a point in common. From this we infer that the third 
point R,R;R, of the line (R,, R;) coincides with the third point R,R;R, of 
the line (R,,R;). R,R;R, = R,R;R, means that R,R,R,R,R,R,R, = 
R,R,R,R,R,R,R,. As p=3, R,R,R, =R,R,R, and R,R,R, =R,R,R,. 
Thus (39) holds. 
Next we prove that (39) implies (38). 
Equation (39) means that, for any three reflections Rf, RT and Rt, 
R,*RfRF = R,*R,*R:. This implies that RzRfRf has order 2. Since the 
group generated by all reflections R* is a Fisher-Glauberman group with 
respect to the pair (p, T), where T denotes the set of all reflections R *, from 
(FG5) it follows that RzRFRz is also a reflection R*. So we have that (39) 
implies the following statement: The product of any three reflections of Z(M) 
is reflection of Z(M). Now we prove that this statement implies (38). 
Given an arbitrary line I of C(M), let R be a point on 1. For any two 
reflections Rf and Rf, we have actually that R*R:R: is a reflection of 
t;(M), say Rt. Then RFRf = R*Rf; in particular, R,*R$(l) = R *R:(l). As 
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R*(l) = Z, by (j?) of Section 1, it follows that RTRf(1) = R:(I). As we 
remarked earlier, R,(I) is parallel to 1. From this we obtain (38). 
It remains to verify that (37) and (39) are equivalent. By definition, (39) 
holds if and only if, for any two U, u EM. 
(40) 
(41) 
In virtue of Proposition 2, (37) implies (40) and (41). Thus (37) implies 
(39). 
Conversely (39) implies (40). If we replace in (40) r, , rz, r3, r4, v by 
x, e, z-‘,y-l , e respectively, where e denotes the identity element of M, (39) 
gives (37). Thus (39) implies (37). 
PROPOSITION 5. Let M be a finite Moufang loop of exponent 3. Then the 
following three conditions are necessary and sufJcient in order that M satisfy 
identically (37): 
(A) Every commutator C(x, y) belongs to the nucleus of M. 
(B) Every associator (x, y, z) belongs to the center of M. 
(C) C(C(x, y), z) = (x, y, z)-’ for all x, y, z of M. 
Proof. Following Bruck [ 1, VII.51, we consider the loop M( l/2) with the 
same elements as M and with operation * defined by 
x* y=x-‘vx-‘. 
It is easy to verify that M(1/2) is an abelian group if and only if M 
satisfies (37). Thus Proposition 5 is a consequence of a result of Bruck [ 1, 
VII, Lemma 5.2 I. 
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